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Equations différentielles ordinaires linaires homogènes, de 
deuxième ordre, à coefficients constants  

Exemple: ẍ+ 2�ẋ+ !2
0x = 0

Equation de l’oscillateur 
harmonique amorti

Pulsation de l’oscillateur non-amorti

Facteur d’amortissement

!0 =

r
k

m

� =
b

2m

où: 

A ẍ(t) +B ẋ(t) + C x(t) = 0
<latexit sha1_base64="0geO4U6RZskhbQQ5hyXE/enqhgk=">AAACG3icbZDLSgMxFIYz9VbrbdSlm2ARKkqZGQXdCNVuXFawF2iHkknTNjRzITkjLUPfw42v4saFIq4EF76NmbaLWv0h8POdc5Kc34sEV2BZ30ZmaXlldS27ntvY3NreMXf3aiqMJWVVGopQNjyimOABqwIHwRqRZMT3BKt7g3Jarz8wqXgY3MMoYq5PegHvckpAo7bpXOPWKW51OiEkw3EBjvEJvpmiOVJOyTD1V9hqm3mraE2E/xp7ZvJopkrb/NSX0dhnAVBBlGraVgRuQiRwKtg414oViwgdkB5rahsQnyk3mew2xkeadHA3lPoEgCd0fiIhvlIj39OdPoG+Wqyl8L9aM4bupZvwIIqBBXT6UDcWGEKcBoU7XDIKYqQNoZLrv2LaJ5JQ0HHmdAj24sp/Tc0p2mdF5+48X3JmcWTRATpEBWSjC1RCt6iCqoiiR/SMXtGb8WS8GO/Gx7Q1Y8xm9tEvGV8/UOachQ==</latexit>

On a un équation différentielle qui relie la seconde dérivée d’une fonction à sa première 
dérivée et à la fonction elle-même.

On va utiliser le fait que la dérivée de la fonction exponentielle est toujours une fonction 
exponentielle, et tester une solution du type:

x(t) = e�t
<latexit sha1_base64="w0cUvywS4ci84FfKp53JtU7ixhU=">AAACBHicbVC7SgNBFJ31GeMraplmMAixCbtR0EYI2FhGMA9I1jA7e5MMmX0wc1cSlhQ2/oqNhSK2foSdf+PkUWjigYHDOfdw5x4vlkKjbX9bK6tr6xubma3s9s7u3n7u4LCuo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uB64jceQGkRhXc4isENWC8UXcEZGqmTyw+LeEqvaBthiCmM79O2NGmfURx3cgW7ZE9Bl4kzJwUyR7WT+2r7EU8CCJFLpnXLsWN0U6ZQcAnjbDvREDM+YD1oGRqyALSbTo8Y0xOj+LQbKfNCpFP1dyJlgdajwDOTAcO+XvQm4n9eK8HupZuKME4QQj5b1E0kxYhOGqG+UMBRjgxhXAnzV8r7TDGOpresKcFZPHmZ1Msl56xUvj0vVMrzOjIkT45JkTjkglTIDamSGuHkkTyTV/JmPVkv1rv1MRtdseaZI/IH1ucP12GXjA==</latexit>
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Méthode de résolution

On remplace x(t) et ses dérivées dans l’équation différentielle:

x(t) = e�t, ẋ(t) = �e�t, ẍ(t) = �2e�t
<latexit sha1_base64="RaImdYN3LRwSorF+bIwjz3LCat0="></latexit>

A�2 e�t +B � e�t + C e�t = 0
<latexit sha1_base64="14d/eN2kec43jOOizDQPp+1IOyI=">AAACVXicdVHLSgMxFM2MWrU+WnXpJlgEQSkzVdCN4GPjUsFWoTMtmfS2Dc08SO6IZZifdCP+iRvBdJyFVr0QODn3nJvkJEik0Og4b5a9sLhUWV5Zra6tb2zW6lvbHR2nikObxzJWjwHTIEUEbRQo4TFRwMJAwkMwuZ71H55AaRFH9zhNwA/ZKBJDwRkaql+Xl9Q7op40jgHrtYoNwjNmkPeykqaY00N69U1o4D+q638nnFOnX284Taco+hu4JWiQsm779RdvEPM0hAi5ZFp3XSdBP2MKBZeQV71UQ8L4hI2ga2DEQtB+VqSS033DDOgwVmZFSAv2uyNjodbTMDDKkOFYz/dm5F+9borDMz8TUZIiRPzroGEqKcZ0FjEdCAUc5dQAxpUwd6V8zBTjaD6iakJw55/8G3RaTfe42bo7aVy0yjhWyC7ZIwfEJafkgtyQW9ImnLyQd8uybOvV+rAX7cqX1LZKzw75UXbtE6V7sGY=</latexit>

En simplifiant les       , on obtient l’équation caractéristique, i.e. une équation du 
second degré en 

e�t
<latexit sha1_base64="LJCBsnt25XLqTVmV5Nl9pqfzOTc=">AAAB/XicbVDLSgMxFM34rPVVHzs3wSK4KjNV0GXBjcsK9gHtWDLpnTY0kxmSO2Idir/ixoUibv0Pd/6N6WOhrQcCh3Pu4d6cIJHCoOt+O0vLK6tr67mN/ObW9s5uYW+/buJUc6jxWMa6GTADUiiooUAJzUQDiwIJjWBwNfYb96CNiNUtDhPwI9ZTIhScoZU6hcM2wgNmMLrL2tLGuoziqFMouiV3ArpIvBkpkhmqncJXuxvzNAKFXDJjWp6boJ8xjYJLGOXbqYGE8QHrQctSxSIwfja5fkRPrNKlYaztU0gn6u9ExiJjhlFgJyOGfTPvjcX/vFaK4aWfCZWkCIpPF4WppBjTcRW0KzRwlENLGNfC3kp5n2nG0RaWtyV4819eJPVyyTsrlW/Oi5XyrI4cOSLH5JR45IJUyDWpkhrh5JE8k1fy5jw5L8678zEdXXJmmQPyB87nDwwblYw=</latexit>

�
<latexit sha1_base64="K3ZLdk+uXZGoxi5Edyv8gdYgx7s=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRV0GXBjcsK9gFtKJPJTTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQgbDemwWnPr7gJknXgFqUGB1rD6NQgTlsUoDRNU677npsbPqTKcCZxVBpnGlLIJHWHfUklj1H6+WHdGLqwSkihR9klDFurviZzGWk/jwCZjasZ61ZuL/3n9zES3fs5lmhmUbPlRlAliEjK/nYRcITNiagllittdCRtTRZmxDVVsCd7qyeuk06h7V/XGw3Wt2SjqKMMZnMMleHADTbiHFrSBwQSe4RXenNR5cd6dj2W05BQzp/AHzucPOUOPcQ==</latexit>

A�2 +B �+ C = 0
<latexit sha1_base64="TQI0Dv2mm7zBw5vIcHLoygNvZZA=">AAACEXicbVDNS8MwHE39nPOr6tFLcAgDZbRV0Isw3cXjBPcBax1pmm5haVqSVBhl/4IX/xUvHhTx6s2b/43ptsPcfBB4ee/3SH7PTxiVyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVmDRwzGLR9pEkjHLSUFQx0k4EQZHPSMsf1HK/9UiEpDG/V8OEeBHqcRpSjJSWumb5Grqn0GU6EaAHB8ITeDOj5PcahFfQ6polq2KNAReJPSUlMEW9a367QYzTiHCFGZKyY1uJ8jIkFMWMjIpuKkmC8AD1SEdTjiIivWy80QgeayWAYSz04QqO1dlEhiIph5GvJyOk+nLey8X/vE6qwksvozxJFeF48lCYMqhimNcDAyoIVmyoCcKC6r9C3EcCYaVLLOoS7PmVF0nTqdhnFefuvFR1pnUUwCE4AmVggwtQBbegDhoAgyfwAt7Au/FsvBofxudkdMmYZg7AHxhfv7B1mHI=</latexit> dont les racines sont: � =

�B ±
p
B2 � 4AC

2A
<latexit sha1_base64="kY0KWwDvNOHwVCPzhwWHgXRlq+o=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQpCWJBd0IfWxcVrAPaGKZTCft0MnDmYlQQj7Cjb/ixoUibl2482+ctllo64GBwznncuceN2JUSMP41nIrq2vrG/nNwtb2zu6evn/QFmHMMWnhkIW86yJBGA1IS1LJSDfiBPkuIx133Jj6nQfCBQ2DWzmJiOOjYUA9ipFUUl8/s5kKDxC8grbHEU5KdWhHPrTFPZdJ/c6CpUqtkaaJVUv7etEoGzPAZWJmpAgyNPv6lz0IceyTQGKGhOiZRiSdBHFJMSNpwY4FiRAeoyHpKRognwgnmR2VwhOlDKAXcvUCCWfq74kE+UJMfFclfSRHYtGbiv95vVh6l05CgyiWJMDzRV7MoAzhtCE4oJxgySaKIMyp+ivEI6S6karHgirBXDx5mbStsnletm4qxaqV1ZEHR+AYnAITXIAquAZN0AIYPIJn8AretCftRXvXPubRnJbNHII/0D5/ANSNnL8=</latexit>

�1
<latexit sha1_base64="7jY0UTAg6GNmd1CKthHFI9zOipM=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykwVdFlw47KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpGBP6hUvZo3B14lfkGqUKA5qHz1o4RmkilLBTGm53upDXKiLaeCTcv9zLCU0DEZsp6jikhmgny+8BSfOyXCcaLdUxbP1d8TOZHGTGTokpLYkVn2ZuJ/Xi+z8U2Qc5Vmlim6+CjOBLYJnl2PI64ZtWLiCKGau10xHRFNqHUdlV0J/vLJq6Rdr/mXtfr9VbVRL+oowSmcwQX4cA0NuIMmtICChGd4hTek0Qt6Rx+L6BoqZk7gD9DnD2NNkBU=</latexit>

�2
<latexit sha1_base64="/ZbUT+hX2kW4ZSehx7nNYw95e5M=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyMBV0W3LisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwznnkntPmHKmjet+O6WNza3tnfJuZW//4PCoenzS0UmmCG2ThCeqF2JNOZO0bZjhtJcqikXIaTec3M797hNVmiXywUxTGgg8kixmBBsrPQ64jUZ46A+rNbfuLoDWiVeQGhRoDatfgyghmaDSEI617ntuaoIcK8MIp7PKINM0xWSCR7RvqcSC6iBfLDxDF1aJUJwo+6RBC/X3RI6F1lMR2qTAZqxXvbn4n9fPTHwT5EymmaGSLD+KM45MgubXo4gpSgyfWoKJYnZXRMZYYWJsRxVbgrd68jrp+HXvqu7fN2pNv6ijDGdwDpfgwTU04Q5a0AYCAp7hFd4c5bw4787HMlpyiplT+APn8wdk0ZAW</latexit>

Si et sont solutions de l’équation différentielle, alors n’importe quelle 
combinaison linéaire des solutions est aussi une solution.

e�1t
<latexit sha1_base64="urMT40cdRUsFelthphOF31MqMKI=">AAAB/3icbVC7SgNBFJ31GeMrKtjYDAbBKuxGQcuAjWUE84BsDLOzN8mQ2Qczd8WwbuGv2FgoYutv2Pk3TpItNPHAwOGce7h3jhdLodG2v62l5ZXVtfXCRnFza3tnt7S339RRojg0eCQj1faYBilCaKBACe1YAQs8CS1vdDXxW/egtIjCWxzH0A3YIBR9wRkaqVc6dBEeMIXsLnWlifms51DMeqWyXbGnoIvEyUmZ5Kj3Sl+uH/EkgBC5ZFp3HDvGbsoUCi4hK7qJhpjxERtAx9CQBaC76fT+jJ4Yxaf9SJkXIp2qvxMpC7QeB56ZDBgO9bw3Ef/zOgn2L7upCOMEIeSzRf1EUozopAzqCwUc5dgQxpUwt1I+ZIpxNJUVTQnO/JcXSbNacc4q1Zvzcq2a11EgR+SYnBKHXJAauSZ10iCcPJJn8krerCfrxXq3PmajS1aeOSB/YH3+AED1ljA=</latexit>

e�2t
<latexit sha1_base64="Cyfo7LQqhO7jsYpBDM6us7Irpl0=">AAAB/3icbVC7SgNBFJ31GeMrKtjYDAbBKuxGQcuAjWUE84DsGmZn7yZDZh/M3BXDmsJfsbFQxNbfsPNvnDwKTTwwcDjnHu6d46dSaLTtb2tpeWV1bb2wUdzc2t7ZLe3tN3WSKQ4NnshEtX2mQYoYGihQQjtVwCJfQssfXI391j0oLZL4FocpeBHrxSIUnKGRuqVDF+EBcxjd5a40sYB1qxRH3VLZrtgT0EXizEiZzFDvlr7cIOFZBDFyybTuOHaKXs4UCi5hVHQzDSnjA9aDjqExi0B7+eT+ET0xSkDDRJkXI52ovxM5i7QeRr6ZjBj29bw3Fv/zOhmGl14u4jRDiPl0UZhJigkdl0EDoYCjHBrCuBLmVsr7TDGOprKiKcGZ//IiaVYrzlmlenNerlVndRTIETkmp8QhF6RGrkmdNAgnj+SZvJI368l6sd6tj+nokjXLHJA/sD5/AEJ8ljE=</latexit>

x(t) = C1 e
�1t + C2 e

�2t, C1, C2 = cstes dépendant des conditions initiales
<latexit sha1_base64="ls0Mu2G8md6NPT/uwYuvItTx0w4="></latexit>



Physique Générale: Mécanique pour SC, SIE et GC | Automne 2023 04.07: Equations différentielles ordinaires linaires homogènes, de deuxième ordre, à coefficients constants 

Faculté 
des sciences
de base

Swiss
Plasma
Center J.-P. Hogge 4

On distingue 3 cas en fonction du signe du terme qui se trouve sous la racine:

B2 � 4AC = 0 =) �1 = �2 2 R, �1,2 =
�B

2A<latexit sha1_base64="UNs4dw+WHN7L1aeEKdCKKPL2wUk="></latexit>

B2 � 4AC > 0 =) �1,�2 2 R, �1 =
�B +

p
B2 � 4AC

2A
, �2 =

�B �
p
B2 � 4AC

2A
<latexit sha1_base64="KR3hW8gDokkcE85gKSzlO+g3RV0="></latexit>

B2 � 4AC < 0 =) �1,�2 2 C, �1 =
�B

2A
+ i

p
|B2 � 4AC|

2A
, �2 =

�B

2A
� i

p
|B2 � 4AC|

2A
<latexit sha1_base64="X15MMaOQCSRQlkpycZup7eCvJS0="></latexit>

①

②

③

Les deux racines sont réelles.

Les deux racines sont réelles et confondues

Les deux racines sont complexes conjuguées
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Cas ①

① B2 � 4AC > 0 =) �1,�2 2 R
<latexit sha1_base64="K8zaBlduyC55R5U16j9vWC/2MlI="></latexit>

x(t) = C1 e
�1t + C2 e

�2t, C1, C2 = cstes dépendant des conditions initiales
<latexit sha1_base64="ls0Mu2G8md6NPT/uwYuvItTx0w4="></latexit>

On pose (pour une raison qui apparaîtra lorsqu’on traitera l’oscillateur harmonique 
fortement amorti): 

⌧1 = � 1

�1<latexit sha1_base64="dukHfi8y2jwprFZBFKg4LWee9Os=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWDJV0I1QcOOygn1AE8JkMmmHTiZhZiKUkJUbf8WNC0Xc+g3u/BunbRbaemDgcM493LknSDlT2nG+raXlldW19cpGdXNre2fX3tvvqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3Uz87gOViiXiXo9T6sV4IFjECNZG8u0jV+PMR/AanrmRxCRHRe5ykw+xjwrfrjl1Zwq4SFBJaqBEy7e/3DAhWUyFJhwr1UdOqr0cS80Ip0XVzRRNMRnhAe0bKnBMlZdPzyjgiVFCGCXSPKHhVP2dyHGs1DgOzGSM9VDNexPxP6+f6ejKy5lIM00FmS2KMg51AiedwJBJSjQfG4KJZOavkAyxaUOb5qqmBDR/8iLpNOrovN64u6g1G2UdFXAIjsEpQOASNMEtaIE2IOARPINX8GY9WS/Wu/UxG12yyswB+APr8wfPbJgH</latexit>

⌧2 = � 1

�2<latexit sha1_base64="xkwbImcDyCe7fEBokJoKEmyrGAE=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4sSRR0I1QcOOygn1AE8JkOmmHTh7MTIQSsnLjr7hxoYhbv8Gdf+O0zUJbDwwczrmHO/cEKWdSWda3sbS8srq2Xtmobm5t7+yae/ttmWSC0BZJeCK6AZaUs5i2FFOcdlNBcRRw2glGNxO/80CFZEl8r8Yp9SI8iFnICFZa8s0jV+HMd9A1OnNDgUluF7nLdb6PfafwzZpVt6ZAi8QuSQ1KNH3zy+0nJItorAjHUvZsK1VejoVihNOi6maSppiM8ID2NI1xRKWXT88o0IlW+ihMhH6xQlP1dyLHkZTjKNCTEVZDOe9NxP+8XqbCKy9ncZopGpPZojDjSCVo0gnqM0GJ4mNNMBFM/xWRIdZtKN1cVZdgz5+8SNpO3T6vO3cXtYZT1lGBQziGU7DhEhpwC01oAYFHeIZXeDOejBfj3fiYjS4ZZeYA/sD4/AHSjJgJ</latexit>

x(t) = C1 e
� t

⌧1 + C2 e
� t

⌧2
<latexit sha1_base64="XqNcb4otAo2x2Nd9Fy6eFLKcd4M="></latexit>

Il faut encore exprimer les constantes en fonction des conditions initiales

⇢
x(t = 0) = x0

v(t = 0) = v0
=) C1, C2

<latexit sha1_base64="7XBtQZwwarIK2GaqipqZz+Tr4M8="></latexit>
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8
>><

>>:

x(t) = C1 e
� t

⌧1 + C2 e
� t

⌧2

v(t) = �C1

⌧1
e�

t
⌧1 � C2

⌧2
e�

t
⌧2

��!
t=0

8
><

>:

C1 + C2 = x0

�C1

⌧1
� C2

⌧2
= v0

<latexit sha1_base64="stsm+SNR1bXNQjUbseMJkSVD7xU="></latexit>

On résout le système de deux équations à deux inconnues pour trouver:

C1 =
⌧1(x0 + v0⌧2)

(⌧1 � ⌧2)
, C2 =

⌧2(x0 + v0⌧1)

(⌧2 � ⌧1)
<latexit sha1_base64="fJb1ZzmJw6YoxmCcinYjLS1sxJo="></latexit>

Et finalement:

x(t) =
⌧1(x0 + v0⌧2)

(⌧1 � ⌧2)
e�

t
⌧1 +

⌧2(x0 + v0⌧1)

(⌧2 � ⌧1)
e�

t
⌧2

<latexit sha1_base64="Ovz+t14Aj/9Kop17rf/kNzbzwfI="></latexit>

Cas ①
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B2 � 4AC < 0 =) �1,�2 2 C
<latexit sha1_base64="z/AmHmddblBWcH/QAf+uhahYiT4="></latexit>③

�1 = �r + i�i =
�B

2A|{z}
�r

+i

p
|B2 � 4AC|

2A| {z }
�i

<latexit sha1_base64="mTDV8cgZbxoVJa4eKZT9aZ6Hv0U="></latexit>

�2 = �⇤
1 = �r � i�i =

�B

2A
� i

p
|B2 � 4AC|

2A
<latexit sha1_base64="HxkZFZggM9643wmaCiBDwt4UCLw="></latexit>

x(t) = C1 e
�1t + C2 e

�2t = C1 e
�rt ei�it + C2 e

�rt e�i�it
<latexit sha1_base64="LA2HFLrVJO1Rke2wZIBuqU+pbfc="></latexit>

ei�it = cos(�it) + i sin(�it) , e�i�it = cos(�it)� i sin(�it)
<latexit sha1_base64="1rC9FBHUsyF9oXozwPfSa71fGBY="></latexit>

x(t) = C1 e
�rt cos(�it) + iC1 e

�rt sin(�it) + C2 e
�rt cos(�it)� iC2 e

�rt sin(�it)
<latexit sha1_base64="im1VxDb7cJGsMye1sJwZVQEy5pE="></latexit>

x(t) = e�rt

2

64cos(�it) (C1 + C2)| {z }
C3

+sin(�it) i(C1 � C2)| {z }
C4

3

75

<latexit sha1_base64="oi7/Szqz1PakNInlcbJC1CcnJGE="></latexit>

x(t),�r,�i 2 R, C1, C2 2 C
<latexit sha1_base64="MDNc7Ozd36wEMG+w63TRfPSQz/I="></latexit>

Cas ③: établissement de la solution

Les solutions de l’équation caractéristique sont:

On réécrit la solution générale de l’équation différentielle,

puis on utilise la formule d’Euler, on développe et on regroupe les termes en cos et sin,
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Cas ③: La fonction x(t) doit être réelle

t = 0 : x(0) = C3 =) C3 2 R
<latexit sha1_base64="F/5p2sQb8bXMfDl9jFiWP34kLW0="></latexit>

x(t) = e�rt [C3 cos(�it) + C4 sin(�it)]
<latexit sha1_base64="7UMihgI4B7TJ7oK0GO4fZ5CJXnk="></latexit>

x(t),�r,�i, C3, C4 2 R
<latexit sha1_base64="EsjEBYxnYGFTPa8BapdCN3hv6KA=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WoUErSFnRZ6MZlFfuAJoTJdNoOnUzCzEQsoR/ixl9x40IRNy4E/8ZJG1BbL8xwOOce7r3HjxiVyrK+jNza+sbmVn67sLO7t39gHh51ZBgLTNo4ZKHo+UgSRjlpK6oY6UWCoMBnpOtPmqnevSNC0pDfqmlE3ACNOB1SjJSmPLN2X1LnZegwbRkgT/xAWoZNr5Z+dehQDp0AqbHvJzczzyxaFWtecBXYGSiCrFqe+eEMQhwHhCvMkJR924qUmyChKGZkVnBiSSKEJ2hE+hpyFBDpJvPjZvBMMwM4DIV+XME5+9uRoEDKaeDrznRDuayl5H9aP1bDSzehPIoV4XgxaBgzqEKYJgUHVBCs2FQDhAXVu0I8RgJhpfMs6BDs5ZNXQadasWuV6nW92KhmceTBCTgFJWCDC9AAV6AF2gCDB/AEXsCr8Wg8G2/G+6I1Z2SeY/CnjM9vzdefTw==</latexit>

La fonction x(t) doit être réelle en tout temps x(t) 2 R 8t
<latexit sha1_base64="To7SfUsDNmvpqDleFSjYNUZb1ok=">AAACDHicbVDLSsNAFJ34rPVVdelmsAh1U5Iq6LLgxmUV+4AmlJvJtB06mcSZiVhCP8CNv+LGhSJu/QB3/o2TNgttvXDhcO653HuOH3OmtG1/W0vLK6tr64WN4ubW9s5uaW+/paJEEtokEY9kxwdFORO0qZnmtBNLCqHPadsfXWbz9j2VikXiVo9j6oUwEKzPCGhD9Urlh4o+wS4T2A1BD30/vZlg9y6BALv9SALnWBuVXbWnhReBk4MyyqvRK325QUSSkApNOCjVdexYeylIzQink6KbKBoDGcGAdg0UEFLlpVMzE3xsmACb26aFxlP290YKoVLj0DfK7GM1P8vI/2bdRPcvvJSJONFUkNmhfmL8RThLBgdMUqL52AAgkplfMRmCBKJNfkUTgjNveRG0alXntFq7PivXa3kcBXSIjlAFOegc1dEVaqAmIugRPaNX9GY9WS/Wu/Uxky5Z+c4B+lPW5w9LaZp4</latexit>

et donc: 

t =
⇡

2�i
: x

✓
⇡

2�i

◆
= e

�r⇡
2�i C4 =) C4 2 R

<latexit sha1_base64="LC+kpej0abtF/QLUbQMJSklzi6g="></latexit>



Physique Générale: Mécanique pour SC, SIE et GC | Automne 2023 04.07: Equations différentielles ordinaires linaires homogènes, de deuxième ordre, à coefficients constants 

Faculté 
des sciences
de base

Swiss
Plasma
Center J.-P. Hogge 9

Cas ③: conditions initiales

x(t) = e�rt


x0 cos(�it) +

(v0 � �rx0)

�i
sin(�it)

�

<latexit sha1_base64="zQN1gxTjFubkG2yzaaQ7OFcH1nQ="></latexit>

⇢
x(0) = x0

v(0) = v0
<latexit sha1_base64="ZCwgZJ+zy9YE9jZWDBZcGbxMY5k="></latexit>

v(t) = �re
�rt [C3 cos(�it) + C4 sin(�it)] + e�rt [�C3�i sin(�it) + C4�i cos(�it)]

<latexit sha1_base64="CBGHItpKE1Q9IJFPt7SPmOOluMo="></latexit>

x(0) = x0 = 1 [C3 + 0] =) C3 = x0
<latexit sha1_base64="638555YMiLrKNU7SMcpKpfZB2XA="></latexit>

v(0) = v0 = �r C3 + C4 �i =) C4 =
v0 � �r C3

�i
=

v0 � �r x0

�i
<latexit sha1_base64="tPvArJurTT2vsE7+VwobsVpO/zk="></latexit>

on applique ensuite les conditions initiales: 

et finalement: 
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Application au cas de l’oscillateur harmonique simple

ẍ(t) +
k

m
x(t) = 0

<latexit sha1_base64="V87tM3hTSOW8mKMP6VIVlldmWPQ=">AAACC3icbVDLSsNAFJ34rPVVdelmaBEqQkmqoBuh4MZlBfuAJpTJZNIOnTyYuZGWkL0bf8WNC0Xc+gPu/BunbRbaeuDC4Zx7ufceNxZcgWl+Gyura+sbm4Wt4vbO7t5+6eCwraJEUtaikYhk1yWKCR6yFnAQrBtLRgJXsI47upn6nQcmFY/Ce5jEzAnIIOQ+pwS01C+Vbc+LIB1nVTjFZ9j2JaHpKEuDDI+n0jU2+6WKWTNnwMvEykkF5Wj2S1+2F9EkYCFQQZTqWWYMTkokcCpYVrQTxWJCR2TAepqGJGDKSWe/ZPhEKx72I6krBDxTf0+kJFBqEri6MyAwVIveVPzP6yXgXzkpD+MEWEjni/xEYIjwNBjscckoiIkmhEqub8V0SHQcoOMr6hCsxZeXSbtes85r9buLSqOex1FAx6iMqshCl6iBblETtRBFj+gZvaI348l4Md6Nj3nripHPHKE/MD5/AJAimWQ=</latexit>

8
><

>:

A = 1
B = 0

C =
k

m
= !2

0
<latexit sha1_base64="OeSBAr0shkn+0TDjHvYtsVr+4Uk="></latexit>

8
>>><

>>>:

�r =
B

2A
= 0

�i =

p
|B2 � 4AC|

2A
=

r
k

m
= !0

<latexit sha1_base64="dy91o9+WERcPK9g5tC59+LuxRs4="></latexit>

x(t) = e�rt


x0 cos(�it) +

(v0 � �rx0)

�i
sin(�it)

�

<latexit sha1_base64="zQN1gxTjFubkG2yzaaQ7OFcH1nQ="></latexit>

x(t) =


x0 cos(!0t) +

v0
!0

sin(!0t)

�

<latexit sha1_base64="MOLwb44F2VlAXx5cNJWjoi11elo="></latexit>

pour obtenir: 

Il suffit de remplacer dans la solution: 
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Application au cas de l’oscillateur harmonique amorti

x(t) = e�rt


x0 cos(�it) +

(v0 � �rx0)

�i
sin(�it)

�

<latexit sha1_base64="zQN1gxTjFubkG2yzaaQ7OFcH1nQ="></latexit>

ẍ(t) + 2�ẋ+
k

m
x(t) = 0

<latexit sha1_base64="f5HYvarCTRKbnNZeQ3i8gGMR0fY=">AAACHXicbVDLSgMxFM34rPVVdekmWISKUGbGgm6EghuXFewDOqVk0kwbmswMyR1pGeZH3Pgrblwo4sKN+Demj4W2Hggczjk3yT1+LLgG2/62VlbX1jc2c1v57Z3dvf3CwWFDR4mirE4jEamWTzQTPGR14CBYK1aMSF+wpj+8mfjNB6Y0j8J7GMesI0k/5AGnBIzULVS8Xi+CdJSV4AyfY9frEykJ9maiUbxAEZoOs1RmeDQJXWO7WyjaZXsKvEycOSmiOWrdwqe5kCaShUAF0brt2DF0UqKAU8GyvJdoFhM6JH3WNjQkkulOOt0uw6dG6eEgUuaEgKfq74mUSK3H0jdJSWCgF72J+J/XTiC46qQ8jBNgIZ09FCQCQ4QnVeEeV4yCGBtCqOLmr5gOiKkDTKF5U4KzuPIyabhl56Ls3lWKVXdeRw4doxNUQg66RFV0i2qojih6RM/oFb1ZT9aL9W59zKIr1nzmCP2B9fUDllagRw==</latexit>

8
><

>:

A = 1
B = 2�

C =
k

m
= !2

0
<latexit sha1_base64="jyuTVap5T2viNBzbdhatRfGV96k="></latexit>

8
>>><

>>>:

�r =
B

2A
= ��

�i =

p
|B2 � 4AC|

2A
=

q
|�2 � !2

0 | = !
<latexit sha1_base64="T6yvlGbV/yAi33Ju49vWlvviszs="></latexit>

x(t) = e��t


x0 cos(!t) +

(v0 + �x0)

!
sin(!t)

�

<latexit sha1_base64="NmMKEMeVsdUK18naIrAUjxzUbxs="></latexit>

! < !0
<latexit sha1_base64="s9/LbXHP0FaHzz1ylJBu6uXHCiY=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4KrMVEEXLgpuXFawF2iHIZNm2tAkMyQZpdQ+ihsXirj1Sdz5NqbtLLT1h8DHf87hnPxRypk2nvftFNbWNza3itulnd29/QO3fNjSSaYIbZKEJ6oTYU05k7RpmOG0kyqKRcRpOxrdzOrtB6o0S+S9Gac0EHggWcwINtYK3XIvEXSA0TVaQOiFbsWrenOhVfBzqECuRuh+9foJyQSVhnCsddf3UhNMsDKMcDot9TJNU0xGeEC7FiUWVAeT+elTdGqdPooTZZ80aO7+nphgofVYRLZTYDPUy7WZ+V+tm5n4KpgwmWaGSrJYFGccmQTNckB9pigxfGwBE8XsrYgMscLE2LRKNgR/+cur0KpV/fNq7e6iUq/lcRThGE7gDHy4hDrcQgOaQOARnuEV3pwn58V5dz4WrQUnnzmCP3I+fwD7T5Me</latexit>
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